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Abstract. In this paper we study properties of the set of critical points for 
self-similar sets. We introduce simple condition that implies at most countably 
many critical values and we construct a self-similar set with uncountable set 
of critical values. 



1. Introduction and motivation 

Let (f>i, (j)k be contracting similarities on M", i.e. (f>i{x) = riAiX + where 
Vi e M", Ti e (0, 1) and Ai is isometry for every i = 1, k. It is well known that 
by Banach fixed point theorem there is a unique compact set K satisfying 
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Sets of such form are called self-similar. We say that K satisfies the open set 
condition (OSC) if there is an open set O such that for every i, j = 1, .., k we have 
fi{0) c O and fi{0) n fj{0) = provided i ^ j. If ^ c M" is a closed set we 
define N(x) = {a € A : dist(x, A) = \x — a\} and say that a; is a critical point if 
X S co{N{x)), dist(a;, A) is then called a critical value (of A). The notion of critical 
value of a set is often used in the theory of curvature measures. 

In [2] S. Ferry proved that in dimensions 2 and 3 the set of critical values has 
always zero Lebesgue measure and also constructed a set in 'M? whose set of critical 
values is uncountable and a set in whose set of critical values contains an interval. 
Later, in [3] J.H.G. Fu gave some better estimates on the size of the set of critical 
values in the terms of Hausdorff dimension. 

Recently, fractal counterpart of curvature measures has been introduced and 
studied for self-similar sets (see [5],|^). The way how to define such objects is the 
following: In the first step we approximate a self-similar set K by its parallel set 
— {x : dist(a;,i4r) < e} for some e > 0. If [K^Y, the closure of complement of 
K^, has positive reach, which is true for example when e is not a critical value of 
if, we can define (for {K^Y) curvature measures in the sense of Federer (see [1]). 
In the next step, if the curvature measures of {K^Y exist for almost every e, the 
fractal curvature measure of K is produced by a limiting procedure with suitable 
scaling. 

It is conjectured, that for a self-similar set satisfying open set condition the set 
of critical values has Lebesgue measure 0. So far it was even unknown whether the 
set of critical points is not actually always countable. In this paper, we introduce a 
simple condition that implies at most countably many critical values and construct 
a self-similar set with uncountable set of critical values. 
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2. Notation 

We will use B{z, r) for closed ball in with center z and radius r. 

The system of all compact sets in will be denoted /C(R'*) and dist-H will 
denote the Hausdorff distance on /C(M'*). For L,M £ K, we denote dist(L, M) = 
min^jgL^ygM 1^; — y| and define TZ{L, M) as the system of all closed balls of diameter 
dist(L,M) that intersect both L and M. 

Let M CZ be finite. For / e Af<" we will denote |/| the length of J, and -< will 
be used for classical lexicographic ordering. 

For / e Af or / e Af" and n E N denote I{n) the n-th coordinate of / and 
define /|„ e Af" as /|n(i) = for i — I, ..,ri. 

For /, J e Af<" define I* J e Afl^l+I'^l as rj{i) = I{i) for i = and 
rj{\I\+i) = J{i) for i = 1,.., |J|. 

We will write / < J if there is an n g N such that / = J|„. 

If if is a self-similar set with system of generating similarities cl^i, I G 
{1, k}^'^ with similarity ratios ri, rfc, we denote (pj = 0/(1) ° ■•• ° ^/ = 

ri{i) ■ ■■■ ■ and Kj = <j>i{K). 

For a,b,c € we will denote by Z{a,b,c) £ [0,7r] the angle between vectors 
a ~ b and c ~ b. 



3. A SIMPLE CONDITION THAT IMPLIES COUNTABLY MANY CRITICAL VALUES 

Theorem 3.1. Let K C M" be a self-similar set such that co K is a polytope. Then 
K has at most countably many critical values. 



Proof. Follows directly from Lemma [33] and Proposition 13.61 below. □ 

Corollary 3.2. Let K C M" be a self-similar set generated by the mappings 4>i{x) = 
riAiX + Vi, i = 1, fc. Lf for every i there is an Ui such that A^' = Id then K has 
at most countably many critical values. 

Proof. Follows Theorem 1. in [4 which states, that under the assumptions of the 
corollary co if is a polytope and therefore we can use Theorem 13.11 □ 

Lemma 3.3. Let k,m £ N and let Kj, i = I, fc, j = 1, m be compact sets such 
that coKj is always a polytope. Let F : {1, ...,fc}<" /C(M'^), c > 0, 1 > g > 0, 
similarities (f)^ : — > and numbers j{L) ~ l,...,m, / £ {l,...,fc}^'^ be given 
such that for every L £ {1, fc}^" the following conditions hold: 

(a) r(/) = u=i,...,fer(rz) 

(b) T{L*i) = for every i = l,...,fc 

(c) diamr(/) < cgl^L 

Then there is j > such that for every L £ {1, k}^'^ we have 

(1) dist(a;,9cor(/)) > 7dist(a;, r(/) n acor(/)) 

for every x £ F/. 

Proof. Let be system of all faces of coF(/). For every f £ and i = 1, fc 
satisfying F(/*i) n / = define 

dist(F(rz),Aff /) n J ~ • 

lfii = — r-^ — — : r>0 and 7 = mm7f/i>0. 

max^gr(j.,)dist(a:,r(/) n Aff /) ' ^JJ ' 
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For every f e F' and i = 1, k satisfying r(/*i) n / 7^ and dim Aff(cor(/*i) n 
/) < dim Aff / define 

dist(a;,Aff/) ^ , ^ 

Pf I i = mm — — . ^ ,^ , ^ — ^ . ^ > and n = mmpf / ^ > 0. 

Note that in the definition of both 7 and /3 we could have use minimum and obtain 
their positivity, since due to the property (&) we are in fact working with finite sets 
of positive numbers (numbers /?/,/, i are positive because the convex huU of every 
coifj is a polytope). Put 7 = /3'^7. It remains to prove that (P) holds. 

Choose / e {!,..., fc}<" and x G r(/). If a; € 9cor(/) then the statement is 
trivial so we can suppose x e (cor(/))°. First we will prove that for every f £ Fj 
we have 

(2) dist(x,Aff/) >7dist(x,r(/)nAff/). 

By properties (a) and (c) there is J g {1, /c}^'^ such that x G r(/*J), 
/ n r(/*J) ^ and for every i e {!,..., k} we have either x ^ r(/*J*j) or 
/ n r{rj*i) = 0. Then for every < / < | J| + 1 there is /; e F/.j|, such 
that Aff = Aff(cor(/* J|;) n /). Now, fro < / < \ J\ - 1, there are two cases: 

(a) dim Aff /; — dimAff which implies dist(a;, Aff /;) > dist(x, Aff fi+i) 

(b) dimAff /; > dimAff which implies dist(a;, Aff /;) > ^dist(a;, Aff fi+i). 
Moreover, dist(x, Aff /| j|) > 7 dist(a;, r(/* J) n Aff /[ These estimates together 
with the fact that case (&) can occur at most d times gives us [2] Finally, by ([2]) we 
obtain for every x £Tj 

dist(a;,acor(/)) = min dist(a;, Aff /) > 7 min dist(x,r(/) n Aff/) 

>7dist(a:,r(/)nacor(/)). 

□ 

Lemma 3.4. Let K be a self-similar set satisfying assumptions of Theorem \3.1\ 
Then for every S C M" \ K open strictly convex and with smooth boundary, the set 
K n S is finite. 

Proof. Choose S C M" \ K open strictly convex and with smooth boundary. Under 
our assumptions coi^T (and by self similarity co Kj for every / G {l,...,fc}<") is 
a polytope (see [3], Theorem 1.). So if we consider the mapping F : / i-> Kj, it 
satisfies the conditions of Lemma 13.31 Therefore there is a constant 7 such that 

(3) dist(x, d CO K) > 7 dist(a:, Kndco K) 

for every x £ K. Now, since dS is smooth we can find > such that if for some 
/ G {1, fc}^'^ we have diamif/ < 5i then for every x £ S C\ coKj 

(4) dist(a;, STiacoi^/) < ^7 dist(2;, (5 co i^T/) n /C/)). 
Let 

J:{S) = {I e {l,...,fc}<" : ri diamif <S < rn^^^_^ diamif}. 
Then T.{Si) is finite, K = \Jie^{5^)Ki and by and dU we have S n Kj C 
dcoKj for every / £ S(i5i). This means that every x £ S O Kj belongs to some 
n — 1-dimensional face of Kj. Now consider all sets and linear spaces of the form 
Kj n Aff / and M = AS /, respectively, for J £ E((5i) and / face of Kj. and open 
strictly convex sets and with smooth boundary of the form S n M. Since there is 
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again at most finitely many of tfiem we can finitely many times apply Lemma 13.31 
This way we obtain S2 > with the property that for every / S '^(62) we have that 
every x € S D Kj belongs to some n — 2-dimcnsional face of Kj Finally, after n 
steps we can obtain Sn with the property that for every / G S(i5„) the set S n Kj 
is empty or singleton. This means that cards' D K < cardS((5„) < 00. □ 



We will use the notation go{t) = ^/tq — , <t < tq. 

Lemma 3.5. Let ro > be given and denote 

U = {{t,y) : < i < ro, goW <y< ro}, 

where go {t) = \/r^~-t^ for < t < ro- Let S be a relatively closed subset of U such 
that (0, ro) € S. Then there exists a continuously dijferentiahle concave function h 
on (0, ro) such that 

(5) Vie(0,ro): {t,y) e S =^ h{t)<y, 

(6) (0, ro) e sn graph /i. 



Proof. If (0, ro) G S fl graph go we can take go for h and we are done. Assume thus 
that there exists to > such that 

(7) ([0,to] X M)nSn graph go = 0. 

Choose z £ {0,to] and define 

I 5o(i), to<t <ro 

By our assumptions there is {t,y) G S with < t < z such that hz{t) > y. 
Denote by Cz the system of all concave and continuously differentiable functions 
/ : [0,ro) !->■ (0, ro) such that there is £/ > with {x : f{x) 7^ 50(2^)} C 
Since hz can be (uniformly) approximated by functions from Cz we can find f £ Cz 
such that f{t) < y. Put Sz = {iu,v) e S : f{u) < v} and 

a = inf{/3 G [0, 1] : there is {u,v) G Sz with (3f{u) + (1 - fi)go{u) > v}. 

Put gz{u) = af{u) + {l — a)go{u). Then there is m G [e/, 2] such that {u,gz{u)) G 
S, if (c, d) € S then g^(c) < d and / is continuously differentiable concave function 
such that gz = go on [0, ro) \ [e/, z] and g^ > go on [0, ro). 

Now use the above procedure inductively to construct for every n G N continu- 
ously differentiable convex functions h^i : [0, tq) i — y (0, rg) s-nd intervals [cin, bn 1 such 
that 

• a„ 0, 

• ttn > bn+1 

• there is m„ G [a„,6„] such that {un,hn{un)) G S 

• if (c, d) G S then hn{c) < d 

• = go on [0, ro) \ [a„, &„] 

• hn> go on [0,ro). 

To finish the proof it suffices to put h — max„gN ^n- D 

Proposition 3.6. Let K C M" &e a set wiit/i the property that for every S C W-\K 
open strictly convex with smooth boundary the set K C\ S is finite. Let r > be a 
critical value of K. Then there exists e > such that there are no critical values of 
K in (r — e, r). 
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Proof. Assume, for the contrary, that there exists a sequence ri tq of critical 
values of if, and let Si be the corresponding critical points (z = 0, 1, . . .). Passing 
to a subsequence, we can assume that Si — sq and ^'~^^| — u e S'^~^ (clearly, 
Si 7^ So for I > 1 since the critical values are different). We know from the definition 
of criticality that for alH > 0, 

(8) B,,(s,)°nF = 
and 

(9) e co(s,,(s,)ni^). 

Denote 

g{t) := dist(so + tit, (so + + u^) n K). 
Using ([5]) for i = 0, we get that 

(10) .9(0 > Y^r^-t^ < i < ro. 

Denote, further, T := {t_e (0,ro) : g(t) < ro} _and 5 := {(t,5(t)) : t £ T}. It 
follows from ([9]) that G T and, hence, (0, ro) G 5*. We can thus apply Lemma 1331 
and obtain a concave function h defined on an interval (0, to) with h < g and such 
that (0,ro) G S" n graph /i. The set 

C := Br„ (so)° U {so + tu + : < h{t), t G (0, to)} 

does not intersect K due to ([S]) and since h < g. On the other hand, C is an open 
convex set with smooth boundary that intersects K in infinitely many points, which 
is a contradiction with our assumptions. □ 

If we for some i — allow (l)i{x) — ViAiX + Vi, with A" ^ Id for every 

n G N, we can obtain K H dS infinite for some S convex with smooth boundary 
such that S° C^ K ~%. Note that due to Proposition 13.61 everv self-similar set with 
uncountable set of critical values provides such an example. But we make it with 
much less work and obtain even stronger result. 

Example 3.7. Define (/'o,'/'i : i-^- by formulas 

, , > 1 /cos a — sina\ {x\ {l\ 
'^"(^'2^) = 5 cosa + (,oj 

, , > 1 /cos a — sina\ {x\ {l\ 
'^i(^'y) = 5Un« cosa - W 

for some irrational angle a and define K as the unique compact set that satisfies 

K ^MK)UMK). 

Then there is a strictly convex compact set U with smooth boundary such that 
U° n K = and U H K is uncountable. 

If we consider any direction Ik = (cos(fcQ;), sin(fcQ;)) for G No then there are 
exactly two (non degenerated) maximal line segments flJl d{coK) parallel to 
Ik- Denote system of all line segments and by L. Moreover, UL = d{coC) 
and since directions Zfc, fc G No are dense in the set d{coK) is a continuously 
differentiable Jordan curve. 

Define K as a system of all sets of the form Kj := (t>i{K) for some / G {0, 1}^"^ 
and Lj as a system of all line segments of the form 4>i{l) for some / G L. Note that 
every / G Lj belongs to d{co Kj) and that ULj = d{co Ki). 
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Let £ > 0. We say that a strictly convex compact set with smooth boundary 
A C cuts e-weU M = Kj e K if An dM = [a, b] e Li and | Ta.ii{dA, a) - 
Ta.n{dA,b)\ < e. For a,b,v G denote P{a,b,v) the (closed) half plane with 
[a, b] C dP{a, b, v) that contains v. 

Lemma 3.8. Let M — Kj G K and e > 0. Let A C be a strictly convex compact 
set with smooth boundary that cuts well M. Then there is a strictly convex compact 
set with smooth boundary A and M* , AI' e K such that 

(1) M*,M' C M and M* n M' = 

(2) i C A 

(3) A\A<z (co(M) n A) + B(0, e) 

(4) A cuts e-well both M* and M' 

(5) diam M* n A, diam M' nA<e. 

(6) n\dA\dA) < diam(co(M) n A) + e 

(7) Cnic 9i + B(0,e) 

Proof. Due to the self-similarity of C we can assume M = C and AOdM — [a, b] = 
Put M* = Kq and M' = Ki. We can suppose that a G M* and b € M'. Since 
dM* and dM' are both continuously differentiable Jordan curves with a — 6 e 
Tan(5M*, a) and a - 6 e (SM', b) and since 01^ = dM* and ULT = SM' we can 
choose [ao,&o] G Lq and [ai,&i] G Li satisfying: 

• ao,&o C S(a, §),ai,6i C 5(5, §) 

• An F(ao, bo, a), A n P(ai, 6i, 6) C (Af n A) + B(0, |) 

• [ao,6o] C (P(ai,&i,a)n A)° and [ai,6i] C (P(ao, &o, n A)° 

It is easy to see that these conditions are sufficient for existence of A satisfying 
properties 2.-7. Property 1. holds due to the choice of M* and M'. □ 

Lemma 3.9. There are strictly convex compact sets An with smooth boundary and 
systems {M^^Jf^^ C K such that for every n G No the following conditions hold: 

(1) Mf n iW7 = for i ^ j 

(2) if n> then An C An-i 

(3) A„ cuts 2-"--well for i = 1..2" 

(4) diam(A„ n ) < 2-(2«+2) 

(5) ifn>0 then M^^_^ U M^^ C M^-^ for j = 1..2"-i 

(6) i/n>OHi(aA„\aA„_i) <2-". 

(7) if n A„ c 9A„ + B(0, 2-") 

Proof. We will proceed by induction by n. 

n = : Put M^ = K Choose as an arbitrary ball of diameter smaller than 1 
that cuts well K . Validity of all conditions (1) — (7) is obvious. 

Induction step: Suppose that we have An-i and {Af"~^}|^]^ . Use Lemma 13.81 
separately for every M = {Aff }, i = 1..2""i with A = A^-i and 

e = imin(2-2",niindist(A„_i n Mf-\yl„„i n M"-^)) 

4 i^j ■' 

to obtain 2"~^ strictly convex compact sets (denote them Aj for j — 1..2"~^) and 
corresponding 2" sets from K (denote them M" for i = 1..2" in a way that M^_]^ 
and M^j correspond to Aj for j = 1..2"~^). Put A„ = HjAj. A„ is strictly convex 
and compact since all Aj are. Condition (1) holds due to the induction hypothesis 
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and property (1) from Lemma 13.81 and condition (2) due to property (2) from 
Lemma 13.81 . Condition (3) holds due to properties (3) and (4) from Lemma 13.81 
and the fact that e < {mmi^j dist(Ai-i n Mf~\ A„_i n M""^). Condition (4) 
holds by property (5) from Lemma [3.81 and the fact that e < 2~^"+^^. Condition 
(5) holds due to property (1) from Lemma \3M To prove condition (6) write 



2" 



-1 



< 2""i(2"2n ^ 2-2"-2) < 2"", 

where the second equality holds due to property (3) from Lemma 13.81 and the fact 
that e < J mini^j dist(A„_i n yl„_i n M""^) and the first inequality holds 

by property (6) from Lemma l3.81 induction hypothesis (property (4)) and the fact 
that e < 2-("+2). □ 

Theorem 3.10. There is a strictly convex set U with smooth boundary such that 
U° n K = and U H K is uncountable. 

Proof. Consider sets An and systems {Af"}?^]^ form Lemma [3.91 Put U — n„v4„. 
As an intersection of compact sets U is compact. To prove that U is strictly convex 
suppose for contradiction that there is a line segment [a,b] C dU. Find A: G N such 
that X)^fe 2^" < \a — b\. This by property (6) from Lemma [3?9l implies that there 
is a non degenerated line segment [c, d] C [a, b] D dAk^i which is in contradiction 
with the fact that A^-i is strictly convex. Property (3) smoothness of boundary of 
all An implies that A has smooth boundary as well. 

For / e {0,1}" define xi by xi = n„=i..oo -^"(n)- properties (1), (4) 

and (5) from Lemma [3.91 is the definition correct and for I,J G {0,1}", I ^ J, 
we have xi ^ x,j. Put X = U/e{o i}"^ ^^"^ property (3) from Lemma 13.91 
we have X C An for every rt S No and by property (2) from Lemma 13.91 and the 
compactness of all sets A„ and K we have xj G U for every / e {0,1}" and so X 
is an uncountable set in K nU. Finally, by property (7) from Lemma 13.91 we have 

[/°nif = 0. □ 



4. Set with uncountably many critical values 

An example of a set with uncountable many critical values can be produced 
similarly to the previous example, but this time we would have to choose a more 
carefully by manoeuvring with copies in certain levels. Most of the technicalities 
with this approach would be because of the fact that the directions between the 
different copies on our set would depend on a. To avoid these problems we use a 
small trick that we add to the previous construction two much smaller copies near 
the center of the set which will be symmetrical by the a;-axis. 

Put 

/cos a — sina\ /l\ , /0\ , 1 

A = [ . ei = „ and 62 = , and q = — — 

\^sma cos a J \0 J \1 J 1000 

and define contracting similarities 0^]^, : by formulas 

(^±i(a;) = gA"a;± iei, and <j)±2{x) = q{qx ± 62), 
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for an angle a £ [0, 2tt] and define K" as the unique compact set that satisfies 
if" = U (/)+i(-ft:") U cj)'^2{K°') U cj)%2{K°'). We also define = diamif". 

It is easy to see that 1 < Da < 1 + 2q. For the rest of the paper we will think of 
interval [0, 27r] metrically as a sphere (with = 27r), all operations will be considered 
mod 2-n and intervals will be considered to preserve classical intervals in [0, 27r]. 
For / = 2* J G {2} x {±1, ±2}<" and a G [0, 2tt] define 

Mf = min{y : there is a; e K such that (x, y) e Kf} 

and 

7^? = {i?((x,0),Mf) : (x,Mf) e if?)} = 7e(iff , if 

Note that Mf is always a critical value of A'? U K'^^-j- 
We start with few simple observations. 

Lemma 4.1. Let < a < and < b < q^. Then 

b f-, r 36 ^ 2b r- b 

— <a— \/a'^ — b<— and — < Va +o— a< — . 
2a 5a 5a Za 

Proof. Simple computation. □ 

Lemma 4.2. Let K,L,M e /C(]R^) and d > 0. Suppose that dist(L, M) > d and 
dist(is:, L) < dist(iC, M). T/ie?z for every R G 7^(if , L) we have 



dist(i?,M)>^^ii^M|i^ + ^-^ii^. 

Proof. Choose u E K and v E L such that i? = 7?.(u, w) and choose s = (x, y) G Ai. 
By choosing the appropriate system of coordinates we can suppose u = (0, r) and 
V = (0, — r) and so R — B{0, r) and what we want to prove is x"^ + y^ > ^ + r^ . 
Now, 

(11) d"^ < x'^ + {y + r)^ ^ +y^ +r'^ + 2yr 
and 

(12) 4r^ < 2:^ + (y - rf ^ x^ + y^ + r'^ - 2yr. 

By adding ([TT|) to (IT^ we get 2x^ + 2y^ + 2r^ > + 4r^ , which implies the desired 
inequality. □ 

Corollary 4.3. Let / G {2} x {-1, 1}<'^, a G [0, 27r] and L C {2} x {-1, l}l^l-i. 
Suppose that 

Mf < minA'i?. 
Then for every R G TZJ and every J E L, we have 

dist{R,K])>'L-—. 

Proof Choose R E W} and J E L. Then dist(is:?, if;^) > gl^l - 2D„gl^l+^ and 
applying Lemma 14.21 (first inequality) and Lemma 14.11 together with the fact that 
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3? < Mf < |g (third inequality) we can estimate 



4 4 2 

5Mf 



> -i > . 



□ 



Next is the key lemma that will be essential for the inductive procedure in 
Proposition 14.51 

Lemma 4.4. Suppose that [a,b] C [f,^] and fcp G N. Then there is k > 
and [c, d] C [a, 6] such that for every a £ [c, d], every I G {2} x {±2}*^ and every 
R± £ TZft^i we have 

(a) dist(i^f.±i,i?/-^i) >g2|/|+2 

(b) llg2(|/| + l) > \Mf,, - Aff._i| > g2(|/| + l) 

(c) distn{Ri'i,Ri'-i)<2q\'\+\ 

Proof. First note that the set { ^"'[^^'^J^' : n, m G N} is dense in [0, 27r]. Therefore 

we can find I, k G N, k > ko, such that k := ^'^^^"^ G (a, 6). This also means 

that kn — 7q^^^ and so we can find e > such that [k — e, k + e] C [a, b] and such 
that 

(13) fca G [4q''+\ 10g''+^] for every a G [«-£,« + £]. 

Put [c, d] = [k — e, K + e]. 

Choose J G {±1}'= and a G [c, d] and put = Kf,j,^j^, M± = Mf.j.^^ and 
choose (a;±,M='=) G Js'^ and i?± G TZf, j.^.^. Without any loss of generality we can 
suppose that Af~ < A/+. The conditions we want to prove are then 

(a) dist(i^±,i?^) >q2(|/|)+2 

(b) lOql^l+i > M- - M+ > gl^l+i 

(c) dist„(i?+,i?_) <2gl^l+i. 

We prove the second condition. First observe that 

K+ = K-+ (7l^l+i(cos((|/|)a), sin((|/|)a)). 

This implies 

(gl^l+i - 2D„gl^l+2) sin(|/|a) < M+ - M" < (gl^l+i + 2Do,q\^\+^) sin(|/a) 

and 

(gl^l+i - 2i?„(7l^l+2) cos(|/|a) < :e+ - :e- < ((/l^l+i + 2i?„gl^l+2) cos(|/|a). 
Using the fact that a > sin(a) > if a G [0, ^] and ([T3l) we have 

which proves the second condition. 

The third condition follows similarly from 

distK(i?+,i?-) < \x+ -x-\ + \M+ - M-\ < 2q^^^+\ 
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For the first condition we actually need to prove only the case 

dist{K-,R+) > 10(72(l'^l)+\ 

the other case follows directly from Corollary 14.31 Choose a coordinate system 
such that > — and choose c = (ci,C2) G . Denote a ~ (x+,0) — (0,0), 
b = {x+,M+) = (0,M+) and {u,v) = (ci - x^,C2 - M^). Then we have w > 0, 
\u\ < -Da?''^'^^ and the first condition transforms into 



yj{x- + uf + (M- + vY - M+ > (721^1+2. 

Using (U) we obtain 

y^{x- + {M- +vy - M+ >y/{x- + u)^ + (Af-)2 - Af" - \M+ - M- 

^{X_+U)^ _ 2(|/| + 1) 

- 2M- ^ 
>l((2;-)2„2a;-|u|)-10<72(I^H-i) 



>A(q2(|/|+l)_^2^2|/|+3)_^0^: 
8q 



2{|/| + 1) 



Q „2|/| + 1 

>£^2|/|+1 _ 11^2(171 + 1) > > ^2|/|+2^ 

□ 



q 



The following proposition provides us with the inductive procedure that will 
allow us to find appropriate a. Geometrically, as we have seen in the proof of the 
previous lemma, we will be looking to obtain the vector of translation of two nearest 
copies of K" to be almost parallel to a;-axis. This way we will be able to touch 
some such copies with balls centered on the a;-axis that will have positive distance 
from the rest of the set. Algebraically, what we are basically looking for is an a 
with a very specific Diophantine approximation. 

Proposition 4.5. There is a sequence of intervals [Kfijiyn] C [0, 27r] a sequence 
kn G N and a mapping $ : {±1}<'^ {2} x {±1}<" with $(0) = such that for 
every n G N 

(A) if n > I then kn > 2fc„_i + 1 

(B) ifn>l then [k„,i^„] C 

(C) for every I G {±1}"^"'^ and every a G Vn] we have 

dist(if^(,.±i)),i?$(,-±i))>g2fe.+2 

(D) for every I G {±1}"^^ and every a G Vn] we have 

llg'^"+^>|A%.i)-MS(/.-i)l 

(E) $(/) G {2} X {il}*^" 

(F) ifn>l andl e {zbl}""! then $(/) < $(/*±l) 

(G) ifle {±l}"-i then 

(14) M«(,._i) < Af^ 

for every J G {2} x {±1}*^'" such that $(/) <i J end every a G [k„, 



ON CRITICAL VALUES OF SELF-SIMILAR SETS 



11 



(H) i/n > 1 andl e {±l}"-i then 

for every a € [k„, i/„]. 
(I) if n > 1 then for every I € {±1}"^^, a € [Kn,^'n], R G and R± G 

±1) we /laue 

dist(i?±,i?) < 2g'="+i 

Proof. We will proceed by induction by n. 

For n = 1 we use Lemma for fco = and [a, b] = [0, 27r] to obtain i^i] and 
/c/ such that (a), (6) and (c) hold with k = ki and [c, d] = [kijI'i]. Put <i>(0) — 
and choose $(—1) G {2} x {il}''! and [kijI'i] C [Ki,i'i] in such a way that (fT4|) 
holds and so we have property (G). Properties (C), (I?) and (/) follows from (a), 
(6) and (c) in Lemma 14.41 respectively. 

Induction step. Choose I G N and suppose that conditions {A)-{I) hold for every 
n < I. First use Lemma [4. 41 to find [k/, i>i] C [k;-i, t'z-i] and fc; > 2/c/_i + l such that 
(a), (6) and (c) hold with k = ki and [c, d] = Now, find an interval 

and J G {2} x {±1}'"^^ with $(/)< J such that (HU holds for every a G [ki,vi] after 
we put - 1) = J* - 1. Put $(/*!) J*l. Validity of aU conditions (A), [B), 
{E)-{G) and the second inequality in condition [H] follows directly from the above 
construction and conditions (C) and [D) follow from (a) and (h) in Lemma 14.41 
respectively. To prove the first inequality in [H) it is sufficient to use the fact that 
-^*(/*-i) ~ ^^^(i) ^^'^ condition (D). Condition (/) holds due to the property (c) 
in Lemma [4.41 and since in fact for every R e 72.$(/) we have R G i?$(/->_i). □ 

Theorem 4.6. There is a £ [0, 2tt] such that K°' has uncountably many critical 
values. 

Proof. Let $ and [«„,;/„] be as in Proposition 14.51 Due to the property (B) we 
can choose a G n„gN[K„, I'n]- We will prove that K" has uncountably many critical 
values. For J G {—1,1}" put Mj = liuin^oo Mj^^j^ y The limit exists, because 
-^*(J| ) ^ monotone sequence due to property (H) (and obviously bounded). We 
wiU prove that M = {Mj : J G {-1, 1}"} is uncountable. 

First we prove that ii J ^ J then Mj ^ Mj. Choose such J and J and let n be the 
lowest number satisfying J(n) ^ J{n). We can suppose that —1 = J(n) = —J{n). 
By properties {A) and {D) we have 

oo 

\Mj - Mj\ >\Mhj\.) - MS(J|„)I - E I^S(.U) - M^iJU^)\ 

k—n 

oo 

To finish the proof of the theorem, it is sufficient to prove that every AIj is a 
critical value of K". Define 

oo 

(the above intersection is nonempty by property {F)) and put S := B {{ui , 0) , U2) ■ 
Note that by property (E) we have uj G K^. Since dist((ui, 0), iff U i^^i) > i 
and U2 < q and using the fact that K2 and ^^"2 ^'^s symmetrical with respect 



12 



DUSAN POKORNY 



to the X-axis we are done if we can prove S D K2 — {uj}. This way we obtain 
S C\ K — {(ui, U2), (mi, — U2)} and it suffices to use obvious fact that (ui,0) £ 

C0{(wi,M2),(ui,-M2)}- 

So choose ^ e K^\{uj). Then z = ^nK^\.^ for some G G {2}x{-l,l}". Due to 
properties [E) and {F) we can find e {2} x {±f , ±2}" such that V\k„+i = J|„) 
for every n S N. Find first k such that G{k) ^ V{k). Then there is an m with the 
property that km > k — \ > km-i- Choose i?„ € + ) arbitrary for every 

n G Nq. By property (/) we have for n G No 

i?„+i Ci?„ + S(0,2<7'=-+"+i). 
Since Rn — > 5 in the Hausdorff metric we can write 

oo 

n=l 
oo 

Ci?o + S(0,2 9') 

i = 2fem+3 

C i?o + S(0,3q2fe™+3), 

where the second inclusion holds due to property {A) . On the other hand, if fc — f = 
km then by property (C) we have dist(z, Rq) > g2fe™+2 ^ 3^2fc„+3 ^^j^^ jj- ^_ ^ ^^^^ 

we have by property (G) and CoroUarv 14.31 that dist(z,_Ro) > - — f — > 3^^'^'"+''. 
Therefore z ^ S. □ 
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